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Abstrat
We onsider the use of interpolating gauges (with a gauge funtion F [A;α] ) in gauge theories to
onnet the results in a set of dierent gauges in the path-integral formulation. We point out that the
results for physial observables are very sensitive to the epsilon term that we have to add to deal with
singularities and thus it annot be left out of a disussion of gauge-independene generally. We further
point out, with reasons, that the fat that we an ignore this term in the disussion of gauge independene
while varying of the gauge parameter in Lorentz-type ovariant gauges is an exeption rather than a rule
. We show that generally preserving gauge-independene as α is varied requires that the ǫ-term has to be
varied with α. We further show that if we make a naive use of the (xed) epsilon term −iε
∫
d
4
x[ 1
2
A
2
−cc]
(that is appropriate for the Feynman gauge) for general interpolating gauges with arbitrary parameter
values [i.e. α℄ , we annot preserve gauge independene [exept when we happen to be in the innitesimal
neighborhood of the Lorentz-type gauges℄. We show with an expliit example that for suh a naive use
of an ǫ-term, we develop serious pathologial behavior in the path-integral as α is/are varied. We point
out that orret way to x the ǫ-term in a path-integral in a non-Lorentz gauge is by onneting the
path-integral to the Lorentz-gauge path-integral with orret ǫ-term as has been done using the nite
eld-dependent BRS transformations in reent years.
∗
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1 INTRODUCTION
Calulations in the standard model, a non-abelian gauge theory, have been done in a variety of gauges
depending on the ease and onveniene of alulations [1℄. Many dierent gauges have also been used in
formal treatments in dierent ontexts. For example axial gauges have been used in the treatment of Chern-
Simon theory and Coulomb gauges in the onnement problem in QCD [2℄. Superstring theories also use to
advantage both the ovariant and the light-one treatments [3℄. One of the important questions, far from
obvious, has been whether the results for physial observables are, in fat, independent of the hoie of the
gauge used in alulations. While it has naively been assumed that this must do so, it is quite another
matter to atually prove the gauge independene of observables in general
1
. A good deal of literature has
been devoted to this question [4,5℄ diretly or indiretly. In fat, development of gauges other than Lorentz
gauges has not been an easy and ompleted task [2,4℄. One of the methods ommonly used for this purpose in
the literature is that of interpolating gauges [5,6,7℄.The basi idea behind interpolating gauges is to formulate
the gauge theory in a gauge for whih the gauge funtion F [A(x);α] depends on one or more parameters α in
suh a manner that for dierent values of the parameters we reover gauge theories in dierent gauges. For
example the gauge funtion F [A(x); θ] used by Doust [7℄ to onnet the Coulomb and the Feynman gauge is
given by
F [A, θ] = [θ∂0A0 − 1θ∂iAi] (1.1)
where for θ=1, we reover the Feynman gauge and for θ→ 0, we reover the Coulomb gauge. Similarly,
one ould interpolate between the axial and the Lorentz type gauges by a gauge funtion suh as
F [A, κ, λ] = 1√
λ
[(1− κ)∂µAµ + κη.A℄ (1.2)
where for κ=0, we reover a Lotentz-type gauge and for κ=1, we reover the axial gauge in the λ→ 0
limit. Suh interpolating gauges have been employed in attempts to prove independene of observables on
the hoie of the gauge.The arguments in suh proofs proeed along the same lines as those that prove the
gauge independene of physial observables under, say, a variation of the gauge parameter in the Lorentz
type gauges.
We know that to dene the Lorentz type gauges, it is neessary to dene how the poles at k2 = 0 are
treated. A orret treatment of the Lorentz type gauges is given by adding to the Minkowski-spae ation
a proper ǫ- term −iε ∫ d4x[ 12A2 − cc] ( see setion 2 for elaboration). The presene of some suh a term is
1
As the path-integral in Lorentz-type gauges are well-dened, a little thought will show that in the path-integral framework
this is really a question of whether and how path-integrals in other sets of gauges an be dened in a manner onsistent with
the Lorentz gauges.
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indispensable in other gauges [even though it may not ompletely solve the question of their denition℄. It
appears that the use of interpolating gauges for proving the gauge independene has often been made without
attention to a proper ǫ-term. In this work, we would like to draw attention to and demonstrate several things.
We would like, rst of all, to draw attention to the fat that it is very important to deal with the ǫ-term
arefully before interpolating gauges an be of use in the rst plae. We further show that if we make a naive
use of the epsilon term −iε ∫ d4x[ 12A2 − cc] (that is appropriate for the Feynman gauge) for interpolating
gauges with arbitrary parameter values [i.e. α℄ , we annot preserve gauge independene generally [exept
in the innitesimal neighborhood of the Feynman gauge
2
℄. We show that preserving gauge-independene
requires that [in general℄ we vary the ǫ-term with α's; and that it is (probably only) in the ontext of the
family of Lorentz-type gauges that a simple form an be written for all gauge parameters λ's that does not
essentially alter the treatment of poles at k2 = 0. We do this in setion 3. The situation with a naive use
of −iε ∫ d4x[ 12A2 − cc] is atually worse: In setion 4, we show with an expliit example that for suh a
naive use of an ǫ-term, we develop serious pathologial behavior in the path-integral as α is/are varied. In
setion 5, we work out a simple example based on QED, where we onsider if there is no other modiation
of the ǫ-term that will remove this problem. We show that there is no suh esape available. The entire
disussion in setions 3, 4 and 5 is self-ontained.We nally point out that orret way to x the ǫ-term in
a path-integral in a non-Lorentz gauge is by onneting the path-integral to the Lotentz-gauge path-integral
with orret ǫ-term as has been done using the nite eld-dependent BRS transformations in reent years
[8,1,9,10℄. In setion 6 , we summarize our onlusions.
We believe that the neglet of this issue may be the reason for the unertainty in the eld of nonovariant
gauges lasting over a long time [11℄. The line of approah suggested along the lines of referenes [8,1,9,10℄
does not however evade this issue and has been applied suessfully to axial-type gauges [12℄, planar gauges
[13℄ and reently to the Coulomb gauge[14℄.
2 PRELIMINARIES
In this work, we propose to disuss in the path integral framework, the interpolating gauges that interpolate
between pairs of gauges. This is usually done by onsidering gauge funtionals that depend on one or more
parameters. We shall therefore onsider the Faddeev-Popov eetive ation [FPEA℄ with a loal gauge fun-
tion F [A(x);α] whih may depend on several parameters, olletively denoted by α .We denote this FPEA by
2
A small modiation in the ǫ-term will allow us to hange this to innitesimal neighborhood of a Lorentz-type gauges. See
setion 3 for more details.
3
Seff [A, c, c;α] whih is given by Seff [A, c, c;α] = S0[A] +Sgf [A;α]+Sgh[A, c, c;α] (2.1)
with
Sgf [A;α] = − 12
∫
d
4x F [A,α]2 (2.2a)
and
3
Sgh= −
∫
d
4xd4y cα(x)Mαβ [x, y;A;α]cβ(y) (2.2b)
with
∫
d
4yMαβ[x, y;A;α]cβ(y) =
∫
d4y δF
α[A(x);α]
δAγµ(y)
D
γβ
µ [A(y)℄ 
β(y) (2.3)
and
D
αβ
µ [A℄=δ
αβ∂µ + g f
αβγAγµ (2.3a)
Here, fαβγ are the antisymmetri struture onstants of a semi-simple gauge group.
Seff [A, c, c;α] is invariant under the BRS transformations :
δAaµ(x) = D
αβ
µ [A(x)℄
β
(x) δΛ
δcα(x) =− 12 g fαβγ β(x) γ(x)δΛ
δcα(x) = F [A(x); α℄ δΛ (2.4)
3 The orret ǫ-term for a given gauge
We start with the path-integral exhibiting the vauum expetation value of a gauge-invariant observable O[A]
in the gauge haraterized by the gauge funtion F [A;α]:
<< O[A] >>|
α
=
∫
DφO[A] exp{iSeff [A, c, c] } (3.1)
where, φ olletively denotes all elds A, c, c. The above does not ompletely speify how the left hand
side is evaluated.In eah gauge hoie, there is a residual gauge degree of freedom to a variable extent, and
this makes the propagator ill-dened.Thus in the axial-type gauges, the propagator is ill-dened at values of
k suh that k.η = 0 .In the Coulomb gauge, the propagator behaves as 1|k|2 for the time-like omponents and
this makes the Feynman integrals more ill-dened ompared to the Feynman gauge and needs an additional
treatment [14,15℄. This problem is not a partiularity of the nonovariant gauges only; the problem exists
for the Lorentz gauges also.In this set of gauges , the problem manifests as a singularity at k2 = 0. We
know the solution for this problem in the ontext of say the Feynman gauge. For the physial degrees of
freedom, we expet the ausal presription of Feynman, like any the propagator for a physial degree of a
massive partile.We thus expet that for the transverse degrees of freedom, the singularity (pole) at k2 = 0
3
The ghost ation is always arbitrary upto a onstant and, in partiular, an overall sign. The following is a onvention we
make.
4
is interpreted by the ausal replaement
4
1
k2 → 1k2+iε . If , now, we want to preserve ovariane, then we have
to set the Feynman gauge propagator at − igµνk2+iε . WT identities relate Green's funtions involving ghosts
and gauge elds and one of the important neessities of unitarity is the anellation of ghost and unphysial
ontributions in unitarity relations [16℄. This determines the sign of the ǫ-term for the ghost poles. This
ombined presription
5
for the pole at k2 = 0, is indeed essentially realized by adding a term6
−iǫR ≡{−iǫ∫ d4x (12A2 − cc)} (3.2)
to the ation. In the ontext of general Lorentz gauges [λ 6=0℄, this term gives a ovariant way of handling
this singularity in suh a manner that the physial degrees of freedom obey ausal replaement
1
k2 → 1k2+iε .
This term , in partiular, also implies ausal treatment for all poles if λ > 0, sine then the propagator is
− i{gµν−
kµkν
k2+iελ
}
k2+iε . (3.3)
although ovariane does not demand this.
We thus see that, in the ontext of the Lorentz-type gauges, there is a rationale that leads to this ǫ-term.
Moreover, the alulated results in the Lorentz gauges do depend on this hoie and thus it is not an arbitrary
matter to hoose this term. An alteration in this presription ould hange the answers for the Green's
funtions by O[1℄ and not by O(ǫ)7! For example, hanging the sign of the ǫ-term, whih may naively be
thought as a O(ε) hange in the ation, hanges the Green's funtions, even for physial degrees of freedom,
from ausal to anti-ausal ( i.e. from physially meaningful to unphysial)! Then, it is far from obvious
that some other O(ε) hange in this term annot drastially alter the Green's funtions and in partiular
wrenh gauge-independene. (What, however, may not be obvious is that suh a O(ε) hange an in fat
arise from parameter variations: that we will work out soon). Thus, it is evident that a orret treatment
of this ǫ-term is desired8 in any given gauge if gauge-independene is to be preserved. It is by no means
obvious that suh a term as (3.2) will do the job orretly for any other lass of gauges, and yet preserve
gauge independene of observables. We wish to expliitly demonstrate , that this is in fat not the ase:
the term (3.2) is an aeptable O(ε)-term for the Lorentz-type gauges but generally not for other lass of
gauges. We shall thereafter make omments, in Se. 4, on the orret way out of this situation that has
already been proposed in [8,1℄ and followed up in [9,10℄. [We note that in disussing the gauge-independene
of S-matrix elements, it is neessary to onsider the on-shell Green's funtions whih are diretly aessible
only in Minkowski spae ; and this makes us neessary to deal with the ǫ-term℄.
4
This is not the only way to introdue a ausal propagator , but the simplest one. See appendix for more details.
5
We all this a  presription beause of some arbitrariness still left in it.
6
Even here, only the sign of the ghost-dependent term below is xed.
7
This is not surprising sine here we are altering the value of the integrands in a region where a large ontribution omes.
8
In other words, we are emphasizing that the proper ǫ-term is not a trie O(ǫ) matter but an matter deserving O(1) attention!
5
To begin with, let us onsider a gauge funtion F [A,α] that onnets to the Feynman gauge. Let us
suppose that for ertain value(s) of the parameter(s) α=α0, the gauge-xing term orresponds to the Feynman
gauge.Then,
<< O[A] >>|
α0
=
∫
Dφ O[A] exp{iS0[A]− i2
∫
d
4x F [A(x), α0]
2
+iSgh[A, c, c; α0℄
+
∫
d
4x ǫ ( 12A
2 − c) } (3.4)
orretly desribes the value of the vauum expetation value of O[A℄ in the Feynman gauge. We expet
the Feynman rules in a gauge desribed by parameter(s) α-δα are suh that the vauum expetation value
of O[A℄ is unhanged.We would like to know what should happen, if at all, to the ǫ-term as α is varied from
α0 → α0-δα so that this remains valid. To do this , we perform the eld transformation below:
A′αµ (x)−Aαµ(x) ≡δAαµ(x) = iDαβµ [A(x)℄β(x)
∫
d4z cγ(z)∂F
γ [A(z);α]
∂α |a0 δα
δcα(x) = −i 12 g fαβδ β(x) δ(x)
∫
d4z cγ(z)∂F
γ [A(z);α]
∂α |a0 δα
δcα(x) =iFα[A(x); α0℄
∫
d4zcγ(z)∂F
γ [A(z);α]
∂α |a0 δα (3.5)
We reognize the above simply as a BRS transformation
9
with a eld-dependent δΛ= i
∫
d4z c(z)∂F [A(z);α]∂α |a0 δα
. The ation Seff [A, c, c] is in fat invariant under this [8℄.But, the transformation is nonloal and leads to
a nontrivial Jaobian.The transformation being innitesimal, only the diagonal terms of the transformation
matrix matter, and on aount of antisymmetry of the struture onstants, only the eld dependenes of δΛ
= i
∫
d4z c∂F∂α |a0 δα ontributes.
Dening the Jaobian for the innitesimal transformation (3.5) as
Dφ ≡ Dφ′ J−1 ≡ Dφ′[1−∆J℄ (3.6)
∆J is given by
−∆J = − ∫ d4x { ∑
α,µ
δA
′α
µ (x)
δAαµ(y)
|
x=y
−∑
α
δc′α(x)
δcα(y) |x=y }
= i
∫
d4x
∫
d4z cγ(z) ∂∂α{
δFγ [A(z);α]
δAαµ(y)
}|
a0
D
αβ
µ [A(y)℄c
β(y)δα +i
∫
d4xF γ(α0)
∂Fγ
∂α |α0 δα (3.7)
Thus,
<< O[A] >>|
α0
=
∫
Dφ′O[A′] exp{iSeff [A′, c′, c′; α0℄+
∫
d
4x ǫ R'(A',',c' ) −∆J}+O[(δα)2] (3.8)
In (3.8) above, we note two things:
(a) We note that −∆J simply hanges the form of the gauge-xing and the ghost terms as implied by:
iSeff [ A,,c; α0℄ −∆J ≡ iSeff [ A,,c; α0-δα℄ (3.9)
whih is readily veried.
(b) Further, we note that there is a hange in the ǫ-terms also:
ǫR(A,,c) ≡ǫR'(A',',c' ) ≡ǫ[R(A',',c' ) + δR(A',',c' )℄ (3.10a)
9
We have alled this innitesimal eld-dependent BRS transformation or an IFBRS for short [ 9℄.
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= ǫ
∫
d4x ( 12A
′2 − c′')
− ǫ∫ d4x {iAµDµc
∫
d
4z c∂F∂α |α0 δα −iF (α0)
∫
d
4zc∂F∂α |α0 δα c
+ c(x)
(− i2g fαβγcβcγ
∫
d4zc(z)∂F∂α |α0 δα
)
} (3.10b)
= ǫ
∫
d
4x { ( 12A
′2 − c′')+i ∫ d4z c∂F∂α |α0 δαAµ∂µc + i
∫
d
4zc∂F∂α |α0 δα F (α0)c}
+ O[g] (3.10)
We note that in the speial ase, F(α0) = ∂.A [ the Feynman gauge℄ the last two terms ombine to have
an integral over a 4-divergene:
∫
d4x ∂µ(Aµc). [This arises from the fat that R is invariant under the
abelian part of BRS transformations of the Feynman gauge ℄.Thus, when a slight variation is made around
the Feynman gauge , the quadrati part of ǫ-term does not alter to the rst order in δα. This, in fat, an
be shown to be true for the entire lass of the Lorentz gauges with a gauge parameter λ > 0 with a suitable
modiation of ǫR of (3.2), whih is not ompletely determined. All we need to reall is that the ausal
presription does not depend on ǫ but on its sign and the fat that ǫ → 0+.We an as well hoose the
quadrati ǫ-term, to be added to the ation, as
−i ∫ d4x ǫ ( 12A2 −
√
λc) (3.11)
and this will as well provide the orret ausal presription above for λ > 0.Thus with this modiation,
the additional terms , quadrati in A beome [we note that here F[A;α℄ ≡F[A;λ℄ = ∂.A√
λ
℄,
=− ǫ { −i ∫ d4z c∂F∂α |α0 δα
∫
d
4x [Aµ∂
µc +
√
λ ∂.A√
λ
℄ ≡ 0. (3.12)
Equivalently, (3.11) is invariant under the abelian part of BRS for general Lorentz gauges. It is on aount
of this property of the Lorentz gauges that we do not need to adjust the ǫ-term (3.11) as we vary the gauge
parameter λ is varied between 0 and innity10. The ausal presription is also not altered by the hange in
ǫ-term that arises as λ is varied.
We would now like to disuss the possibility that an expression of the type of (3.4) with the same ǫ-term
gives orretly << O[A] >> when F [A,α] refers to some gauge other than the Lorentz-type gauge. This
value << O[A] >> must then be independent of α's and must, in partiular, agree with the Lorentz gauge
result.
To give examples, we ould onsider,
1) Interpolating gauge used by Doust to interpolate between the Feynman and the Coulomb gauge.It has
F [A, θ] = [θ∂0A0 − 1θ∂iAi] (3.13)
2) Interpolating gauges between the axial and the Lorentz-type gauges:
10
We do not neessarily require positive λ here: we ould instead take the ghost term as −
√
λcMc. This will anel 1√
λ
in M .
We also replae R by
∫
d4x( 1
2
A2 − λcc).Then the above invariane is valid for all λ .
7
F [A, κ] = 1√
λ
[(1− κ)∂µAµ + κη.A] 0 ≤κ≤1 (3.14)
We then see that these extra terms ( to O[g0]) now add up to
−ǫ { i ∫ d4z c∂F∂α |α0 δα
∫
d
4x [∂.A -F[A,α℄℄} (3.15)
and this would not vanish in general unless F[A,α℄ refers to the Feynman gauge. We shall see in the next
setion, the expliit eets of this term on the free gauge boson propagator and that we annot ignore this
term. How this works is not so easily antiipated, and is best understood after some alulations in the next
setion are rst performed.
4 onrete evaluation of the effets of the ǫ-term
In this setion, we wish to explore the possibility that a path-integral of the form
W[J; α℄ =
∫
Dφ exp{i Seff [A,,c; α℄ + ǫR+ i
∫
JµAµd
4x} (4.1)
with the same ǫ-term as in (3.2) orretly generates the Green's funtions for the gauge F [A;α] other than
the Lorentz family of gauges. So, let us assume that this is so to begin with.We next onsider the generating
funtional
W[J; α- δα℄ ≡ ∫Dφ exp{i Seff [A,,c; α−δα℄ + ǫ[R+ δR℄+ i
∫
JµAµd
4x} (4.2)
Here, we are taking the eetive ation assoiated with the parameter(s) α−δα and the ǫ-term ǫ[R+
δR℄ obtained in the last setion.We had noted, in setion 3, that to preserve the gauge-independene of the
vauum expetation value of an observable, this term was required. Suppose we assume that at δα=0, the
generating funtional in fat gives the orret Green's funtions; i.e., the term ǫR is, in fat, the right ǫ-term,
then aording to the disussion of the last setion, (4.2) should generate the orret Green's funtions for
the parameters α−δα. We now have to note the presene of the extra term ǫ δR in (4.1).We would like
to know what eet this term has on the Green's funtions in the gauge α−δα . In the speial ase of the
Lorentz type gauges as the gauge parameter λ was varied, we saw that the eet, as ǫ→ 0+, was none; we
shall however like to show that that is rather an exeption than a rule.
We shall rst explore the eet of this term on the tree propagator for a gauge eld A. We note that the
fator exp{ǫ δR} inside the path-integral an be written, to rst order in δα, as
W[J℄ =
∫
Dφ
(
1 + εδR+O[(δα)2]
)
exp{i Seff [A,,c; α+δα℄ + ǫR+ i
∫
JµAµd
4x} (4.2a)
We reall that
δR = −{ i ∫ d4z c∂F∂α |α0 δα
∫
d
4x {∂.A -F[A,α℄}+O[g] (4.3)
To evaluate the eet of this term on the bare propagator, it is possible to evaluate this term by rst
8
performing the ghost integration by making use of :
∫
DcDc cα(x)cβ(z) exp { i Sgh[A, c, c;α]− ε
∫
ccd4x}
= −iM ′−1αβ(x, z;A;α) ∫ DcDc exp { i Sgh[A, c, c;α]− ε
∫
ccd4x} (4.4)
with M ′ = M − iε, and M is given by (2.3).Thus,
W[J℄ =
∫
D φ
(
1− iε ∫ d4z ∂Fβ∂α |α0 δα(∂.A − F )α(x)i
∫
d4xM
′−1αβ(x, z;A;α0) +O[(δα)
2] +O[g]
)
exp{i
Seff [A,,c; α+δα℄ + ǫR+ i
∫
JµAµd
4x} (4.5)
We now exponentiate the result so obtained to nd:
W[J℄ =
∫
Dφexp{iSeff [A,,c; α−δα℄+ǫR+i
∫
JµAµd
4x
+
(
ε
∫
d4z ∂F
β
∂α |α0 δα
∫
d4x(∂.A− F )α(x)M ′−1αβ(x, z;A;α0)
)
} (4.6)
Now the propagator in the gauge with parameters α-δα is determined by the quadrati part of the net
ation inluding the ǫ-terms:
S
(2)
0 [A]+Sgf − iε 12
∫
A2d4x -
(
iε
∫
d4z ∂F
β
∂α |α0 δα(∂.A− F )α(x)
∫
d4xM ′−1αβ0 (x, z;α0)
)
+ O [(δα)2℄. (4.7)
Here, M ′0 refers to M
′
at g=0.To see the onrete eets, we need to take a spei example.Suppose we
take the interpolating gauge term of Doust [ we assume that θ 6= 0℄,
F [A, θ] = [θ∂0A0 − 1θ∂iAi] (4.8a)
M[A, θ℄ ≡ δFδAµDµ = [θ∂0D0 − 1θ∂iDi] (4.8b)
M'
αβ
0[θ℄ = [θ∂
2
0 − 1θ∇2−iǫ℄δαβ (4.8)
< y|M'0−1αβ [θ℄|x >≡M
′−1αβ
0 (x, y; θ) = δ
αβ 1
θ∂2
0
− 1
θ
∇2−iεδ
4
(x-y)
=−δαβ 1(2pi)4
∫
d4k
θk2
0
− 1
θ
|k|2+iε exp{−ik.(x− y)} (4.8d)
The extra term in (4.7 ) is then(
−iε ∫ d4z ∂Fβ(z)∂θ |θ0 δθ
∫
d4x(∂.A− θ∂0A0 + 1θ∂iAi)α(x)M
′−1αβ
0 (x, z;α0)
)
=
(
−iεδθ ∫ d4z{∂0A0 + 1θ2∂iAi}(z)
∫
d4x{(1− θ)∂0A0 + (1θ − 1)∂iAi}α(x)M
′−1αβ
0 (x, z;α0)
)
(4.9)
This term, quadrati in A, has to be taken into aount in evaluating the gauge propagator. As an
illustration of the eet of the new ontribution to the ǫ-term, we shall fous our attention on the propagator
for the (0,0) omponent. We all the momentum spae quadrati form arising from [Seff − iε2
∫
d4xA2 ℄ as
Zµν .We also all the total quadrati form arising from the total ation inluding the term (4.9) as Z
′
µν .We
then have,
Z ′µν(θ-δθ) = Zµν(θ-δθ) + ǫδθ Z
1
µν(θ) (4.10)
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where the last term has arisen from (4.9). Noting that Zµν(θ) for any θ has a blok diagonal struture
[7℄, Z ′µν(θ-δθ) has the struture,
Z00 + εδθZ
1
00 εδθZ
1
0i
εδθZ1i0 Zij + εδθZ
1
ij
(4.11)
and onsequently, its inverse has the form
{Z00 + εδθZ
1
00}−1 O[εδθ]
O[εδθ] {Z + εδθZ1}ij−1
(4.12)
[modulo terms of O[(εδθ)2]. The the propagator for the timelike omponent is
G00 =i {Z00 + εδθZ
1
00}−1 (4.13)
We note
Z00 = |k|
2−(θ − δθ)2k20−iε ≡−[(θ − δθ)X + iε] ≡−[θ′X + iε] (4.14)
Here,
θ′ ≡ θ − δθ and X ≡ θ′k20 − 1θ′ |k|2 (4.14a)
εδθZ100≡2iǫδθ(1-θ′) k
2
0
X+iε + O[ε(δθ)
2] (4.15)
and thus the propagator for the timelike omponent reads,
G00 =i {Z00 + εδθZ
1
00}−1= −i
θ′X+iε
(
1−2δθ[1−θ′] k
2
0
X+iε
)
+ O[ε(δθ)2] (4.16)
We note the net ǫ-terms in Z00 + εδθZ
1
00 , viz.
iε
(
1− 2δθ(1− θ′) k20X+iε
)
(4.17)
has now reeived an extra ontribution, whih though proportional to δθ, is very sensitive in magnitude
near a k0 orresponding to X=0 provided θ 6=1[i.e. we are not at the Feynman gauge℄. For example, for
X = ε, the net ǫ-term is
iε− δθ(1− θ′)k20(1 − i)
and its imaginary part has a term that annot be made arbitrarily small as ǫ→0 and an overwhelm the
original term. This is the soure of trouble! The ǫ-term now is dependent on two unrelated small quantities
ǫ and δθ.
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To explore the trouble further, we express
11
Y≡θX +iε
(
1− 2δθ(1− θ) k20X+iε
)
≡ReY + iImY (4.18)
We have to solve for the roots of the denominator , viz.
Y≡θX +iε
(
1− 2δθ(1− θ) k20X+iε
)
= 0. (4.19)
Multiplying by (X + iε), and substituting for k20 in terms of X and |k| we nd ,
θX2 + aX + b = 0, (4.20)
with
a = iε(1 + θ − 2δθ(1−θ)θ ) and b = −{ε2 + iε 2δθ(1−θ)θ2 |k|2} (4.21)
The roots of the above quadrati are
X = −a±
√
a2−4bθ
2θ ≡ X1,2 (4.22)
We note that the disriminant a2−4bθ ontains terms that are of O(ε2) as well as O(εδθ) and the relative
magnitudes of these terms is variable as ǫ is varied for a xed δθ. We note in partiular that for ǫ suiently
small [ whih is the limit we are partiularly interested and whih we will denote for brevity by ǫ << δθ ℄,
it is the O(εδθ) term that dominates and thus, we have, for |k| > 0 and θ 6= 1,
X1 ≃ −X2 ≃
√
2iεδθ(1− θ) |k|√
θ
≡(1 + i) 2|k|√
θ
√
εδθ(1− θ) (4.23)
We note that in this ase, |X1,2|>>ǫ.
On the other hand at the other extreme limit when ǫ is suiently large ompared to δθ [whih we denote
for brevity by ǫ>> δθ℄ the term O(εδθ) is negligible and we nd
X1 ∼ −iε/θ and X2 ∼ −iε (4.24)
Now
iG00=
1
Y =
(X+iε)
(X−X1)(X−X2)=
X2+iε
X2−X1
1
X−X2+
X1+iε
X1−X2
1
X−X1 (4.25)
The right hand side now shows, in the omplex k0-plane, 4 poles in stead of 2: those at k
2
0 =
|k|2
θ2 +
X1
θ and
k20 =
|k|2
θ2 +X2.We also note that X1,2 and hene the residues at these poles depend sensitively on relative
magnitude of ǫ ompared to that of δθ. We note in partiular that for ǫ suiently large, X1 ∼ −iε/θ and
X2 ∼ −iε, so that the rst term in (4.25) drops out [residue tends to zero℄ and we are left with only two
(usual) poles. In this ase, the residue at X = X1 also tends to one. This is what one normally has. On
the other hand, for suiently small ǫ [and this limit is the one that interests us ℄ we have |X1,2| >> ε and
X1+X2 ≃ O(ε); so that X1−X2 = 2X1+O(ε). Thus the oeients X2+iεX2−X1 ≃
X1+iε
X1−X2≃ 12 and all the 4 poles
appear with equal weightage. For intermediate values of δθ/ǫ there are still 4 poles but the residues vary
ontinuously between the two extremes. Now, onsider the ontribution for the oordinate spae propagator
11
In the following, we drop the prime on θ for onveniene.
11
G00(x− y) ≡
∫
d4k
(2pi)4 exp[−ik.(x− y)]G00(k)
and to be onrete, let us onsider the ase x0 − y0 > 0. To perform the k0-integration, we lose the
ontour below. Then only the poles in the lower quadrant will ontribute to the integral.The residue at these
poles is variable as ǫ is varied. In fat, for ǫ >> δθ, we have the positive energy pole ontributing as expeted
of a ausal presription, whereas for ǫ << δθ both the positive and the negative energy poles ontribute
equally. For intermediate values of ǫ, we have the two poles ontributing to a variable degree.
After this demonstration of how deliately the ǫ-term is aeted by an innitesimal hange in the inter-
polating parameter θ [1 > θ > 0℄, we shall make several observations:
(a) The (0,0) omponent of the propagator we have onsidered for simpliity propogates an unphysial
degree of freedom and as suh, we may not nd the above situation undesirable purely from a physial point of
view. We shall soon retify this by also onsidering the spatial omponents and reahing a similar onlusion.
(b) Nonetheless, we have demonstrated how unstable the ansatz of the ǫ-term used in referene [7℄ is with
respet to small variations of the interpolating parameter θ. It is only in an innitesimal neighborhood of
θ=1 [Feynman gauge℄, where we know that the ǫ-term is orret, that the instability is absent.
() This strongly suggests that we annot use suh an ǫ-term if we are to preserve gauge-independene.
(d) We noted that for a suiently small ǫ, there is a apparently disontinuous behavior in the propagator
as θ is varied by a small amount. A propagator having ontribution from positive energy pole suddenly goes
into one having equal ontribution from positive and negative energy poles! This looks suspiious as one
may naively expet that as the formulation seems ontinuous in θ, suh disontinuity annot appear. Here,
we note the existene of a ratio δθ/ǫ, whih an vary widely, and on whih the modied ǫ-term sensitively
depends near a pole. Thus, the eet of the net ǫ-term is atually ontinuous in θ, but the sale of variation
is too small ∼ ǫ. As δθ << ǫ, we in fat reover the old ausal propagator; but for δθ >> ε, the propagator
looks ompletely dierent as the residues at various poles depend sensitively on δθ/ǫ!
(e)When it omes to hoosing the ǫ-term for another type of gauge, a proedure was proposed in referenes
[8,1℄ to do this and was followed up in [9,10℄. It was by transforming the Lorentz gauge path-integral with
the orret ǫ-term, into a path-integral of desired lass of gauges. It is done with the help of the nite-eld
dependent BRS (FFBRS) transformation developed for the appropriate pair of gauges [8℄. This proedure,
starting from the Lorentz-type gauge, in eet, gathers along (integrates) the hange in the ǫ-term as a
parameter suh as θ is varied. In this proess, we would, thus, not nd ourselves with the naive ǫ-term for a θ
< 1 [ i.e. away from the Feynman gauge℄ in the rst plae. The net result for Green's funtions is aessible
in a mathematially tratable form [9,10℄.
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Having demonstrated the phenomenon with the help of the (0,0) omponent for simpliity, we shall now
proeed with the spatial omponents. The disussion proeeds muh the same way; hene we shall give only
the main steps. For spatial omponents the propagator is
Gij = i{Z + εδθZ1}−1ij
We note the values:
Zij = (k
2 + iε)[δij + kikjA]; A =
(1− 1
θ2
)
k2+iε
εδθZ1ij = (k
2 + iε)kikjδA; δA =
2iεδθ(1−θ)
θ3[θk2
0
− 1
θ
|k|2+iε](k2+iε)
A′ ≡ A+ δA
Gij is then given by
Gij = i{Z + εδθZ1}−1ij = ik2+iε
(
δij − kikj A′1+|k|2A′
)
It is the denominator of kikj that has nontrivial struture. For one of the terms, it is given by
(k2 + iε)(1 + |k|2A′) = k2 + iε+ |k|2(1− 1θ2 )+ 2iε|k|
2δθ(1−θ)
θ3[θk2
0
− 1
θ
|k|2+iε]
= Xθ + iε+
2iεδθ(1−θ)|k|2
θ3(X+iε)
Vanishing of this denominator implies
X2 + iε(1 + θ)X − ε2θ + 2iεδθ(1−θ)|k|2θ2 = 0
The solutions to this equation are veried to have very similar properties as those for (4.20): In fat, for
ǫ suiently small,
X1 ≃ −X2 ≃
√
−2iεδθ(1− θ) |k|θ ≡(1− i) 2|k|θ
√
εδθ(1 − θ)
whih is >>ǫ in magnitude.
and for ǫ >> δθ, we have
X1 ∼ −iεθ and X2 ∼ −iε
In view of this exatly analogous onlusions follow for the spatial omponents also.
5 A SIMPLE EXAMPLE OF QED
In the last setion, we had shown that if one were to use the term −iε ∫ d4x ( 12A2 − cc
)
in the path- integral
for the interpolating gauges, we develop a severe pathologial behavior. As mentioned in Setion 3 [see
before Eq.(3.2)℄, the ǫ-term is not xed in all details. A question, then, naturally arises if there is no simple
modiation of this epsilon-term that will do the job. An essential requirement for suh a term to lead to no
residual ontributions of the kind (3.15)(at least to the lowest order) has been the invariane of suh a term
under the abelian part of BRS.
13
In the ase of the Doust interpolating sheme [7℄, a term
−iεθ ∫ d4x ( 12A20 − 12θ2A2 − 1θ cc
)
(5.1)
[or any term proportional to it (by a positive number) ℄ does in fat satisfy the ondition for invariane
under the abelian part of BRS
12
:
δAµ(x) = ∂µ(x) δΛ
δcα(x) =0
δcα(x) = [θ∂0A0 − 1θ∂iAi] δΛ (5.2)
Thus a question naturally arises whether suh a simple modiation may not always exist and whether
(or not) it will remove the problem at hand.
Another question the treatment of the last setion will perhaps raise is whether any deliate approxima-
tions have been made in the proess there that ould lead to suh an unusual result.
With these questions in mind, we shall work out a simple example in the ontext of QED. We shall be
able to work out this example exatly without the need for any simplifying approximations . We shall show
that even with the ǫ-term (5 .1) nely tuned to anel the leading term in (3 .15), there is a residue that
again leads to the same phenomenon.
Being an abelian theory in linear gauges, we an dispense ourselves with ghosts and onne ourselves only
with the gauge transformations .
Consider, thus, the expetation value of a gauge-invariant operator O[A,ψ, ψ] ≡ O[φ]:
< O[φ] >= 1W << O[φ] >> (5.3a)
with,
<< O[φ] >>≡ ∫ DφO[φ] exp{iS0[A,ψ, ψ]− i2
∫
d4xF [A, θ]2+ an ǫ-term } (5.3b)
and
W ≡<< 1 >>.
In the path integral, we an perform any kind of a eld transformation, in partiular, any gauge transfor-
mation, without altering its value. We shall onsider the following gauge transformation
13
, not neessarily
innitesimal,
Ai ≡A′i+∂αi (M0 − iε)−1αβ ∆F β [A′] (5.4)
with
12
Here, we are refering to the invariane in the lowest order.
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We shall use below the summation integration onvention of DeWitt for the sake of ompatness. See e.g.referene [17℄ for
its usage. Here, we note for brevity a few things:In Ai , i refers to a spae-time lable xi , as well as a Lorentz index µ . Compat
indies are raised and lowered by gij~ gµνδ4(xi − xj). In Fα, α refers to a spae-time label xα. δαβ~ δ4(xα − xβ) raises these
indies. FαFα stands for
∫
d4xF (x)2.
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Mαβ0 =
δFα
δAi
∂βi (5.5)
(M0 is A-independent) and an appropriate gauge transformation on ψ and ψ [with a eld-dependent
gauge parameter℄. Here, we note the value ∂αi = ∂
xi
µ δ
4(xi − xα) (whih is a number) when α stands for (xα)
and i for (µ, xi). We parametrize the ǫ-term in (5.3b) as
1
2εa
ijAiAj (5.6)
with aij = aji and aij being loal, i.e. proportional to δ
4(xi − xj) or its derivatives.
For a linear Fα and δFα, the transformation (5.4) is linear in A. The super-determinant for the trans-
formation is a onstant i.e. independent of elds ( DψDψ being invariant) and thus does not ontribute to
the ratio (5.3a).
Under the gauge transformation, S0 is invariant. Under this eld transformation (we reall that F is
linear in A),
Fα[A] = Fα[A′] + δF
α
δAi
∂βi (M0 − iε)−1βγ ∆F γ [A′]
= Fα[A′]+Mαβ0 (M0 − iε)−1βγ ∆F γ [A′]
= Fα[A′]+∆Fα[A′] + iε[(M0 − iε)−1]αγ∆F γ [A′] (5.7)
The gauge xing term goes into
− i2Fα[A]Fα[A] ≡− i2Fα
2
[A] =− i2{Fα[A′] + ∆Fα[A′]}2 + εFα[A′] (M0 − iε)−1αβ ∆F β [A′]+
ε∆Fα[A′] (M0 − iε)−1αβ ∆F β [A′]+ i2ε2{(M0 − iε)−1αβ ∆F β[A′]}2 (5.8)
and the ǫ-term goes into
1
2εa
ijAiAj =
1
2εa
ijA′iA
′
j+εaijA
′
i∂
β
j (M0 − iε)−1βγ ∆F γ [A′]+
1
2εa
ij∂αi (M0 − iε)−1αβ ∆F β [A′]∂δj (M0 − iε)−1δγ ∆F γ [A′] (5.9)
We note that the terms in (5.8) and (5.9) of the leading order in ∆F together are
εFα[A′] (M0 − iε)−1αβ ∆F β [A′]+εaijA′i∂βj (M0 − iε)−1βγ ∆F γ [A′] (5.10)
It is the equivalent of these terms, that were disussed in their eets, in setion 4. These terms together
an anel out, for an arbitrary ∆F , if and only if for a given F , a hoie of aij an be made suh that
14
Fα = −aij∂αj Ai (5.11)
Now if the ǫ-term is not or annot be hosen onsistent with (5.11), then the entire set of observations
in setion 4 (based upon this term) hold. Presently, we want to study the possibility that the two terms in
(5.10) do anel. Later we shall make observations on when this is /is not possible.
Assuming that (5.11) holds, we have,
Mαβ0 =
δFα
δAi
∂βi = −aij∂αj ∂βi = Mβα0 (5.12)
14
This relation based on the above anellation is spei to the gauge transformation (5.4).
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Using this we an simplify the last term in (5.9) as
1
2εa
ij∂αi (M0 − iε)−1αβ ∆F β [A′]∂δj (M0 − iε)−1δγ ∆F γ [A′]
= − 12εMαδ0 (M0 − iε)
−1
αβ ∆F
β [A′](M0 − iε)−1δγ ∆F γ [A′]
= − 12ε(M0 − iε)−1αβ ∆F β [A′]∆Fα[A′]− i2ε2(M0 − iε)−1αβ ∆F β [A′]{(M0 − iε)−1}αγ∆F γ [A′] (5.13)
we ollet the remaining terms in (5.8) and (5.9) together and after some anellations and simpliations,
we nd that the gauge-xing and the ǫ-terms together beome,
−i
2 F
α2− 12εaijAiAj = −i2 {F [A′]+∆F [A′]}2+ 12εaijA′iA′j+ 12ε∆Fα[A′] (M0 − iε)−1αβ ∆F β [A′] (5.14)
We thus nd that
<< O[φ] >>≡ ∫ DφO[φ] exp{iS0[A,ψ, ψ]− i2
∫
d4xF [A, θ]2+ 12εa
ijAiAj }
=
∫
Dφ′O[φ′] exp{iS0[A′, ψ′, ψ′]− i2
∫
d4x{F [A′, θ] + ∆F [A′]}2+ 12εaijA′iA′j + 12ε∆Fα (M0 − iε)−1αβ ∆F β}
(5.15)
We note that we have derived the above result exatly and not neessarily for an innitesimal ∆F . Here,
we note the presene of the last term in the exponent that has preisely similar eets as the last term in (4.6)
that were elaborately disussed in Setion 4. To see this, onsider [we shall drop primes on A′ heneforth℄
F [θ, A] =[θ∂0A0 − 1θ∂iAi] ; ∆F ≡ F [θ′, A]− F [θ, A] = (θ′ − θ)
(
∂0A0 +
1
θ′θ∂iAi
)
(5.16)
Here, we need not yet require (θ′ − θ) an innitesimal. We now fous our attention on the part of the
ation quadrati in A. It is
iS0[A]− i2Fα[θ′, A]2 + 12εθ[A20 − 1θ2A2] + 12ε∆Fα (M0 − iε)−1αβ ∆F β (5.17)
This in partiular leads to
Z ′00 =|k|
2−θ′2k20−iεθ
(
1− k20(θ′−θ)2/θ
θk2
0
− 1
θ
|k|2+iε
)
We note that the additional term is of O[(θ′ − θ)2]. We an now arry out the entire analysis in parallel
as in setion 4, and reah similar onlusions.
Finally, we omment that a hoie of the ǫ-term satisfying (5.11) [where aij is symmetri℄ may not exist
for a given Fα. If this is not possible, the analysis of setion 4 is suient to draw our onlusions. We
have seen expliitly that for the Doust [7℄ interpolating gauge, aij do exist, so that the analysis of this
setion is required if this hoie is made. For the gauges (P∂)A = 0 [18℄, one an nd aij if Pµν [ with both
lower or both upper indies℄ is symmetri. Thus, one annot hoose aij for the light front gauge xing [18℄
(∂0 + ∂3)(−A0 +A3) = F = 0.
The important point made in this setion is that the variation of a parameter in interpolating gauges is
assoiated with gauge transformations suh as (5.4), whih as ǫ→ 0, beome singular; thus, suggesting that
are is needed in operations involving suh parameter variations.
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6 CONCLUSIONS
We shall now summarize the onlusions for the work presented. We emphasized the importane of the
orret ǫ-term in the disussion of gauge-independene. We expliitly demonstrated that to keep the gauge-
independene of , say , the vauum expetation value of a gauge-invariant operator, it is generally neessary
to vary the ǫ-term appropriately with parameters in F [A,α]. We explained, how in the ontext of the family
of Lorentz gauges, this alteration in the ǫ-term does not alter the ausal nature of the presription. We
explained why the ǫ-term need not be paid attention to in the disussion of gauge-independene for the lass
of the Lorentz-type gauges as ǫ→ 0 and emphasized that this was an exeption rather than a rule. We
illustrated the eet of the modiation of the ǫ-term with a variation of parameter by applying it to the
interpolating gauges used by Doust [7℄ to onnet the Feynman and the Coulomb gauges together with a xed
ǫ-term added to the ation for all θ: 1≥ θ ≥ 0. We demonstrated that as θ is varied, gauge-independene
annot be preserved unless the ǫ-term is suitably varied and thus that suh an interpolating gauge does not
really gauge-invariantly interpolate between the Lorentz gauge and the Coulomb gauge. What is worse is
that the small variation in ǫ-term with θ has a atastrophi eet: it the gauge boson propagator struture
from the ausal one to a mixed one even for a small hange δθ. We further demonstrated that there was no
modiation of the ǫ-term that would allow us an esape.
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7 Appendix A
In this appendix, we shall disuss the behavior of the sign of the imaginary part of Y [See Eq.(4.18)℄ near
the point where the real part vanishes. This gives an alternate semi-quantitative view of what happens.
Consider an example of a ontribution to the Green's funtion ,
∫
dk0
exp{−ik0t}
k0−ω (A.1)
This is ill-dened and the denition is made by speifying how the singularity at k0 = ω is treated. A
presription suh as
∫
dk0
exp{−ik0t}
k0−ω+iε implies that the ontour in (A.1) near k0 = ω is to be taken above the real axis. We an
of ourse distort the ontour as we like elsewhere and not have the value of the integral hanged in view of
17
the analytiity of the integrand.Sine the speiation of the loation of the ontour near k0 = ω is all that
ounts, we ould as well redene the Green's funtion as
∫
dk0
exp{−ik0t}
k0−ω+iε(k0)
where ǫ(k0) is any analyti funtion.[Example:ǫ(k0) = ǫ(k0
2
+m2)℄. To reemphasize, it is the sign of the
ǫ-term near the singularity of the real part that matters as ǫ→0.
Now, at δθ= 0, the sign of the imaginary part at the loation of the ReY = 0, i.e. X = 0 or k0 = ± 1θ |k|
is positive and this determines on whih side of the real axis the poles are and this in turn determines how
they ontribute say to the oordinate propagator. We would like to study how this is aeted when δθ 6=0.
Ordinarily, i.e., if the hypothesis of  ausal presription in (4.1) is in fat orret, we would by ontinuity
expet nothing unusual. Now, from (4.18),
ReY = θX − 2δθε2(1−θ)k20X2+ε2 ; ImY = ε− 2δθε(1−θ)k
2
0X
X2+ε2
When ReY = 0, i.e.15,
θX =
2δθε2(1−θ)k20
X2+ε2
we have,
θX2
ε2 =
2δθ(1−θ)k20X
X2+ε2
whih in turn leads to
ImY = ε
(
1− θX2ε2
)
= −εθ
(
1 + X
2
ε2
)
+ ε(1 + θ)
Further, ReY = 0,implies that
θX(X2 + ε2) + 2δθε2(1 − θ)k20 = 0
so that at ε = 0, we have X = 0.
We further note,
θX =
2δθ(1−θ)k20
X2
ε2
+1
Now , as ǫ → 0, we know that X→ 0.This implies that {1 + X2ε2 }→ ∞ .Thus, for a xed value of δθ, we
always have a suiently small ǫ suh that [for θ > 0℄,
ImY =ǫ
(
1 + θ − θ
[
1 + X
2
ε2
])
< 0
i.e. the sign of the imaginary part hanges.
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